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S T A B I L I T Y  O F  A P L A N E  J E T  I N  A M E D I U M  W I T H  R E L A X A T I O N  

V.  V. S o b o l e v  a n d  O.  Y u .  T s v e l o d u b  UDC 532.5 

1. Presen ta t ion  of the P r o b l e m  and Basic  Equations. Let  us cons ider  the s tabi l i ty  (relat ive to infinitely 
sma l l  per turba t ions)  of the s t e a d y - s t a t e  jet  flow of a l iqu idhaving  the following equation of s ta te  [1, 2]: 

d d~ (~P = co28P + [~ -~- 60 + x ~-~ ~0, (1.1) 

where  5 p and 5p a r e  sma l l  per tu rba t ions  of p r e s s u r e  and density;  c 0 is the veloci ty  of sound in the medium;  and 
fl and x a r e  the re laxa t iona l  v i scos i ty  and d i spers ion  coeff ic ients .  A detai led der ivat ion of the equations was 
given in [2, 3] for  pe r tu rba t ions  of the veloci ty  v and p r e s s u r e  p. If we exp re s s  the per tu rbed  quanti t ies  inthe fo rm 

i (z ,  y,  z, t) = l(v) exp { ~ ( x - c t )  + Vez], 

where  f is the per tu rba t ion  of the p r e s s u r e ,  dens i ty ,  o r  ve loci ty  components ;  x, y,  z a r e  the spat ia l  coordina tes ;  
a ,  ~ a r e  the wave number s ;  and c is the veloci ty  (c =c r +ici) ~ the equations for  the two-dimens ional  p e r t u r b a -  
t ions v(y) and p(y) take the f o r m  [3] 

v" - -  V '  (V - -  c) Av '  - -  (B  V" + V - - c  - -  AV'2)  v =  O; . (1.2) 

p,  _ 2v" p,  _ B p  = O, 
V - - v  

A ----- M ~ (2 + t a f i M  2 (V - -  e)) (1.3) 
( t  + i ~ M  ~ (V - -  c) - -  xcc2M ~ (V - -  e) 2) (M ~ ( t  + ~r 2) (V - -  c) 2 -  ir162 ~ (V - -  c) - -  t ) '  

B = ~ ( l  - -  M2(V--c)~/(l  + i~pM~(V--c)  - -  •162 

where  V is the veloci ty  prof i le  of the main  flow; M is the Much number  (M=Vmax/C0). In th i s  paper  we have 

V = ltchng, (1.4) 
where  n is a na tu ra l  number .  

The p rob l e m  as to the s tabi l i ty  of s t e ady - s t a t e  flow (1.4) r educes  to a de terminat ion  of the eigenvalues of 
c for  the equations (1.2), (1.3). The s tabi l i ty  may  be studied on the bas i s  of Eqs. (1.2), (1.3) for  two-dimens iona l  
pe r tu rba t ions ,  s ince it m a y  be shown that the p rob lem of s tabi l i ty  r e l a t ive  to t h ree -d imens iona l  per tu rba t ions  
is equivalent to the p r o b l e m  of s tabi l i ty  r e l a t i ve  to two-dimens iona l  per tu rba t ions  with a s m a l l e r  Much number  
and a l a r g e r  p a r a m e t e r  ft. 

The boundary conditions for  Eqs.  (1.2), (1.3) involve the r e q u i r e m e n t  that v and p should be finite at y =~ r162 

Let us cons ider  s o m e  re la t ionsh ips  for  c. The s e m i c i r c u l a r  t h e o r e m  l imit ing the r ange  of unstable e igen-  
values  for  pa ra l l e l  f lows in an incompress ib le  s t ra t i f i ed  liquid was proved in [4]. Let us consider  the conditions 
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under  which this  t h e o r e m  holds f o r  a l iquid wi th  an equat ion of  s ta te  (1.1) as  well .  Let  c i ~ 0. Dividing (1.3) by  
(V - c)2, we obtain  

[(V - -  c ) - ~ p ' ] ' . . - -  a~[(V - -  c) - 2  - -  M~/D- - t ]p  = O, 
D = i + i @ M ~ ( V  - -  c) - -  x=~M~(V - -  & .  ( 1 . 5 )  

Multiplying (1.5) by  p * ,  we in t eg ra te  wi th  r e s p e c t  to y us ing  the b o u n d a r y  condi t ions  and s e p a r a t e  the  r e a l  and 
i m a g i n a r y  p a r t s  in the  r e s u l t a n t  e x p r e s s i o n :  

\ I V - - c J  4 (1.6) 

It fol lows f r o m  (1.7) tha t  f o r  g rowing  p e r t u r b a t i o n s  with ~t _.~ 0 and B -> 0 a peint  Yc exis t s  such  that  c r --V(Yc). 
We see  that  f o r  ~t _>0, B --0 Eqs.  (1.6) and (1.7) have the  s a m e  f o r m  as  the  ana logous  e x p r e s s i o n s  in [4]. Thus ,  
in the p r e s e n t  c a s e  we have 
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r ~ 2 "-~ (Vmax Qdy + t (Vmax -~- Vmin) -~- ci - -  c r - - ' - ~ -  _ J I l--• y c ) ~ / ~ 0 ;  (1. s) 

' I V - -  c I a q- It - -  •  ~ ( V  - -  c )  z 
(1.9) 

It fol lows f r o m  (1.8) and (1.9) tha t  

[ t ]~ 2 i 
Cr - -  "~- (Vmax 2 c / r a i n )  Ac r ~ .  -'~'- (Vmax - -  / ra in)  2 �9 (1.10) 

Equat ion (1.10) def ines  the  e igenva lues  c of  the  p r o b l e m  as  to the Ray le igh  s tabi l i ty  of  pa ra l l e l  f lows in a m e -  
d ium with an equat ion of  s t a te  (1.1). In the p a r t i c u l a r  c a s e  of jet  f low (1.4), the  inequal i ty  (1.10) t akes  the f o r m  

1 2 
ci ~ - V "  

2. Study of get  Stabili ty.  Since the  p rof i l e  of the ma in  f low (1.4) is an even funct ion,  we m a y  seek  the 
so lu t ions  fo r  p e r t u r b a t i o n s  s y m m e t r i c a l  with r e s p e c t  to the ve loc i ty  v ( a n t i s y m m e t r i c a l  wi th  r e s p e c t  to the  
p r e s s u r e  p) and a n t i s y m m e t r i c a l  wi th  r e s p e c t  to  v ( s y m m e t r i c a l  with r e s p e c t  to p) s epa ra t e ly .  

Af t e r  mak ing  the  subs t i tu t ions  

z = th y; (p = p ' l p ;  ~p = v ' l v  (2.1) 

the  homogeneous  l inea r  equat ions  of  the second  o r d e r  (1.2), (1.3) r e d u c e  to the non l inea r  R icca t i  equat ions :  

( i  -- z ~) 9' + ~ ~ v' - -  V - - ~ - c  q~ - -  B = 0 ;  ( 2 . 2 )  

V" 
( l - - z  2)~'  + ~ 2 - V '  ( V - c ) A ~ - B - ~ +  A V  '2 = 0 ,  

V = (1 - -  z~) '~/2, V '  = - - n z V ,  (2:3) 
V "  = n V ( ( n  + l)z 2 - -  1). 

The p r i m e s  in ( 2 . 2 ) ,  ( 2 . 3 )  s igni fy  de r iva t ives  wi th  r e s p e c t  to z .  The boundary  condi t ions  for  go and r at the 
point  z = -  1 have the  f o r m  

~,i~c~ '~i~ (2.4) 
(-- t) = ,  ( - -  1) = ~ ( t  - -  i - ~pM-~---~-- ~M~c~/ �9 

We see  f r o m  (2.2)-(2.4) that  the  va lues  of  the de r iva t ives  go, and r ' at this  point a r e  not  p r o p e r l y  de t e rmina t e .  
Reso lv ing  the i n d e t e r m i n a c y  by  the L 'h6pi ta l  ru le ,  we obtain  the bounda ry  va lues  of go ' and r ' .  Fo r  n > 2 

~ ' ( - - l )  = , 7 - - 0  = 0; 

f o r  n =2 

~ ' ( - - t )  = (h - -  4 ~ ( - - i ) l c ) l ( l  q- ~(--i));  

2~, ( -  i) M~ (2 -- ~ M ~ )  4/c ) / ( l  + ,  (-- i)), 
~ '  (-- l) -- A --  (l --  ~ M ~  -- x~M~ ~) (M~ (l + • c~ + ~pM2c -- l 

a2M2c (2 - -  ia~M2c) 
A =  

(l - -  i~x~M~c - -  xaZM%2) ~-" 

The e igenva lues  c c o r r e s p o n d i n g  to the pe r tu rba t i ons  s y m m e t r i c a l  in v (mode I) w e r e  found f r o m  a so lu -  
t ion of the b o u n d a r y - v a l u e  p r o b l e m  fo r  $.  F o r  a n t i s y m m e t r i c a l  pe r tu rba t i ons  (mode II) the equat ion was  so lved  
fo r  go. The method  of  obta in ing  the solut ions  was  ana logous  to that  d e s c r i b e d  in [2, 3]. 

F o r  M = 0 ,  ~ _>0.2 the  r e su l t an t  va lues  of  c co inc ide  with the r e s u l t s  of  [5], in which  c was  given to t h r e e  
s igni f icant  f igu res  for  n =2.  Cer ta in  d i f f e rences  fo r  s m a l l e r  a a r e  evident ly  due to the fac t  that  the e r r o r  in 
the de t e rmina t i on  of  c in t roduced  by the t r a n s f e r  o f  the bounda ry  condi t ions  f r o m  infinity to a f ini te  d i s t ance  l 
i n c r e a s e s  with d e c r e a s i n g  t~. The  subs t i tu t ion  of  the independent va r i ab l e  (2.1) (by ana logy  with [6]) enables  this  
d i sadvantage  to be avoided.  

F igu re  1 shows the s p e c t r a  of e igenvalues  for  mode  I with M=0 .  As in the subsequent  f i gu re s ,  c u r v e s  
1-3 r e p r e s e n t  the dependence  of  ci  and c u r v e s  4 -6 ,  that  of  Cr, on the wave n u m b e r  (x for  n = 2 ,  4, and 6, r e s p e c -  
t ively .  We see  that  with i n c r e a s i n g  n, the value of  c r d imin i shes ,  whi le  the f low b e c o m e s  m o r e  unstable  in the 
r eg ion  of l a r g e  ~ and m o r e  s tab le  in the  r eg ion  of  sma l l  a .  

2 0 3  



Figure  2 i l lus t ra tes  the dependences of cL and Cr on ~ for  mode I I  with M=0.  Here  as n i nc reases  the 
phase  veloci t ies  c r i nc rease ,  while the behavior  of c t r e l a t ive  to ~ is qual i ta t ively the s a m e  as in the f i r s t  mode. 
The fall in c i with Increas ing  n in the region of smal l  (~ ag rees  with the r e su l t s  of [7], in which it was shown 
that for  long-wave per turba t ions  

1 ilZ 

The compres s i b i l i t y  of the medium a lso  has a cons iderab le  effect  on the s tabi l i ty  of jet  flow. In a c o m -  
p r e s s i b l e  medium c r r i s e s  for  mode I and falls  for  mode II. In both eases  c t fa l ls  for  l a rge  a and the range  of 
InstabUtty with r e s p e c t  to a cont rac ts .  F igure  3 shows the behavior  of the e tgenvalues  for  M = I  and mode II. 
These  r e su l t s  ag ree  c lose ly  with the data of an ea r l i e r  paper  [8] which cons idered  the prof i le  (1.4) for  n =1 and 
M = I .  For  sma l l  (~ (Table 1, which gives the data for  n =6) CL I n c r e a s e s ,  the r ange  of c~ for which the c o m p r e s -  
sibtlLty has a destabi l iz ing Influence on the flow being g r e a t e r  for mode I than for  mode H. Calculat ions show 
that for  a jet  with s m a l l e r  momentum (greater  n) and a speci f ied  Mach number  the range  of destabilLzatton in- 
c r e a s e s .  

Let us cons ider  the act ion of d i spe r s ive  and d iss ipa t ive  effects .  Although the Influence of these  on the 
flow s tabi l i ty  is much l e s s  than that  of compress ib i l i t y ,  it is in teres t ing  to cons ider  in which s ense  the [magi-  
n a r y  pa r t  of c va r i e s .  

Table  2 shows the ei+genvalues for  mode I and M = I ,  2 w [ t h n = 6 .  The upper  and lower number s  for  a 
specif ied ~ cor respond  to the r e a l  and imag ina ry  p a r t s  of c. For compar i son ,  column i g ives  the spec t rum 
of eLgenvalues for  ~ = ~ = 0 ;  column 2, for  ~ =0, ~=0 .2 ;  and column 3, for  ~ =0.5, ~--0.  We see  that  In a con-  
se rva t [ve  med ium d i spe rs ion  leads to a fal l  In c i with Increas ing  a ,  while the phase  veloci ty  of the p e r t u r b a -  
t ions Inc reases .  It  follows f r o m  the r e s u l t s  p resen ted  In columu 3 that  diss ipat ion makes  mode I l e s s  s table.  
If the jet  has a l a rge  m om en t um  (n=2), d iss ipa t ive  effects  have a s t ronger  Influence on the Instabi l i ty of the 
flow, while the s tabi l iz ing Influence of d i spers ion  s t a r t s  opera t ing  at s m a l l e r  wave  number s  than In the ea se  of 
n = 6 .  

Table  3 i l lus t ra tes  the eigenvalues for  mode H with M=1.2  and n=6 .  Columus 1-3 he re  co r r e spond  to the 
s a m e  values  of the p a r a m o t e r s  as  In Table  2. In this c a s e  the d i s p e r s i v e  and d iss ipa t ive  effects  p romote  
g r e a t e r  flow stabi l i ty;  for  s m a l l e r  n thei r  influence diminishes .  

The authors  wish  to tbmnk V. E. Nakoryakov for valuable commen t s  and discuss ion of the resu l t s .  
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